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1 L? Bounds for Calderon-Zygmund Convolution Kernels

1.1 Weak L? bound for Calderén-Zygmund convolution kernels
Theorem 1.1. Let K : R\ {0} — C be a Calderén-Zygmund convolution kernel. For
>0, let Ke = Klj.<|g<1/e)- Then

1. [{z : |K: * f](z) > A} S 311l uniformly in X >0, f € L*,e > 0.

2. Forany 1 <p <oo, |Kc* fllp, S |Ifllp uniformly for f € LP,e > 0.

Consequently, f — K x f (the LP-limit of K. * f) extends continuoussly from S(RY) to a
bounded map on LP when 1 < p < oo.

Proof. Assuming that (1) holds, we proved (2) using interpolation and duality. To show the
last claim, it suffices to prove that { K. * f}.~o forms a Cauchy sequence in LP (1 < p < o)
whenever f € S(R?). We want to prove this using the L? result and condition (c) of the
Calderén-Zygmund kernel; this will let our theory have more adaptability.
Forl<p<2/letl<q<np. Write%zg—k%e for some 6 € (0,1). Then

Koy % f = Koy 5 fllp S 1Koy % [+ Koy fll370 || Koy # f + Ko, )
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For2<p<oo]letp<r<ooandwrite%:%+g. Then

1Koy f = Koy 5 fllp < | Koy % f = Koy = 370 | Koy % f = Koy = £
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Let’s show (1). For A > 0, f € L', and ¢ > 0, perform a Calderén-Zygmund de-
composition for f at level \: f = g+ b with suppb = JQp, @, pairwise disjoint, and



>k 1Qkl < || fll1/A. We can take

o(z) = {f(w) z ¢ UQs
WZ\kaf(y)dy r € QY.

Then |g| < A, and b(z) = f(z) — \Q71| ka f(y)dy for x € Qg, so
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Then
o [Ke* fl(z) > A} < {a: [Ke* gl(x) > A/2} + [{z : [Ke +b|(z) > A/2}

Uan + ‘{x € [Uan]c D Ke xb|(x) > A\/2}
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We are left with E := |{z € [JaQk]® : |K: *b|(x) > \/2}|. Let = ¢ |JaQ). Then
Kexb(o) = [ Kelo = p)biw)dy

=> | K.(z—yby)dy
E Y Qk

Here, we only have a convolution, not an average. But a convolution is only as smooth as
its smoothest term. So we have to use the regularity of K. (condition (c)).
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Using Chebyshev,
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Change variables.

1
S X Z/ b(y)] (/ |Ke(x+ 2, —y) — Kg(x)]dac> dy.
k7 Qk (aQp)e—{zx}

For y € Q, |2k — y| < $4(Qr)Vd. So we need al(Qy)/2 > 234(Qx)Vd. So take a > 2V/d.
Then using the regularity condition (c) of the convolution kernel, we get

1
E< /rb<y>\-1dy
Ag Qs
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Remark 1.1. Once we have boundedness in L?, the only condition we need to deduce
boundedness in LP for 1 < p < oo is the regularity condition (c).
1.2 Application: The Hilbert transform

Here is an application.

Example 1.1. Let K : R\ {0} — R be K(z) = L. This is a Calderén-Zygmund
convolution kernel. So the Hilbert transform,

Hf(z) = i/f(xy—y) dy = lim flz—y)

dy.,
e—0 ly|>e Yy

is bounded on LP for 1 < p < oo.

Remark 1.2. Boundedness on L' and L* may fail. Consider the Hilbert transofrm, and
take f = L,y € L' N L>; we will show that Hf ¢ L' U L*. For € > 0,

1 ]l[ab](x_y)
H.f(x :—/ —e T d
f@) T Je<|y|<1/e Y Y

1 1
T ) e<Wl<i/e y

r—b<y<zr—a
1 T —a
= —log
T r—b

almost everywhere. But Hf ¢ L' U L.
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Remark 1.3. We have fl?(f) = —isgn(§) - f(&). For a > 0, let

~ . Je® £>0 . JO£>0
f“(g)_{o £<0, ga(g)_{qu £<o0.



Then

e~ §>05/R 1 £E>0
Fo—d)© =40 =080 0o o0 =sn(e).
—e%  £<0 -1 £€<0

So we get
S’ (R), a—0
fa - ga E— Sgnv *

Next time, we will complete this computation.
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